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Abstract 

We study the self-duality of Born-Infeld-Chern-Simons theory which can be 
interpreted as a massive D2 brane in IIA string theory and exhibit the self-dual 
formulation in terms of the gauge invariant master Lagrangian. The proposed 
master Lagrangian contains the nonlocal auxiliary field and approaches self- 
dual formulation of Maxwell-Chern-Simons theory in a point-particle limit 
with the weak string-coupling limit. The consistent canonical brackets of 
dual system are derived. 
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Recently, the Bom-Infeld(BI) theory is revived through the discovery of D-branes in the 
nonperturbative string theory The N D-branes are effectively described by the world 
volume gauge theory whose action is implemented by the dimensionally reduced U(N) super 
Yang-Mills action. For a single D-brane, the effective theory is given by the Dirac-Born- 
Infeld(DBI) action. The massless spectrum of type IIA superstring theory contains RR 
gauge fields apart from NSNS fields. As a RR charge carrier the D-brane is necessarily 
introduced. The D2 and D4 are related to the M2 and M5 in the M-theory The dual 

description of D-p brane actions {p = 1, 2, 3, 4) are also obtained in Ref. Furthermore 
the massive D2 is described by the topological mass term of world volume gauge field so 
called Chern-Simons(CS) term which is connected with the 11-dimensional massive 
supergravity in terms of the duality transformation [p!0| . 

On the other hand, the Born-Infeld-Chern-Simon(BICS) theory is of interest in its own 
right apart from the string and M-theory sides since the Maxwell-Chern-Simons(MCS) |TI[] 
gauge theory exists in a certain limiting case. In this paper, we present the master La- 
grangian to dualize the BIGS theory. The dual of vector field is not a scalar but a vector 



field [|rU| and the nonpolynomial BI type is rewritten by introducing an auxiliary scalar field. 
Then for the liming case of string scale and string coupling, the self-duality of MCS theory 
can be recovered. Finally we discuss the consistent brackets for the second class constraints 
in the dual system of BIGS theory. 

We start with the following master Lagrangian which is somewhat different in that the 
standard Born-Infeld action does not appear apparently. 



and the coupling constants are defined by 



2 



2 



T=—, K = 2'Kk\ (2) 
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where the tension of D2 is T2 = -^i^ and gs is a string coupling constant and m is a 
Ghern-Simons coefficient. Our flat metric signature is Tjmn = diag(-|-l, —1, —1). The master 
Lagrangian involves the scalar potential 



+ (3) 

where (f) is an auxiliary scalar field defined by positive value since the negative one gives a 
unbound potential. Thus we take > and there exists unique stable vacuum V = for 
< >= 1. 

It would be interesting to note that the master Lagrangian of self-dual gauge theory |Tl 



arises in the the vacuum state < >= 1 with tk^ — ^ 



2 ) 



after appropriate rescaling, \Bn = bn, \An = dn, e^m = a. Therefore the self-dual model 
Eq.(^ from the master Lagrangian Eq.(0) corresponds to the excitations on the ground 
state of the potential. 

Let us now study the effective theory from the master Lagrangian (|l]) by classically 
integrating out the auxiliary field and gauge fields. To obtain the BICS theory, one uses 
following equations of motion with respect to Bn and 0, 

= ^4>e^''^Fnp, (5) 

and 

= V^l-zc^S^S™. (6) 
After eliminating Bn and 0, the resulting theory becomes, as expected, 

r I / 1 

^Bics = r y det r]mn - \J det {rjmn + i^Fmn) + —e'^'^^AmdnAp, (7) 



where we used the identity det(G'm„ + i^Fmn) = (det Gmn) ( 1 + ^F'^Tm^ for a general 
metric Gmn in three dimensions where F^n is antisymmetric. Note that the BICS theory is 
approximately reduced to the Maxwell-Chern-Simons theory, 



Cbics ~ -—FmnF"'^ + -6^^^^ A^^d^Ap + T«:^0(/c^), (8) 
on the assumption that the string scale and string coupling approach as 



/, ^0, ^ 0. (9) 

Then tk^ = — is fixed and the higher order of terms are neglected. In some cases the 
dynamics of D2 brane may be described by that of Maxwell- Chern-Simons theory. The 
string attached on the brane in this limit is pointlike and the D2 brane looks like a massive 
vector gauge theory. On the other hand, consistent brackets of this theory is simply usual 
Poisson bracket for each variables since the theory is gauge invariant. 

To obtain the dual description of the BICS theory from the master Lagrangian (|1|), the 
following equation of motion with respect to 

e^^^dnAp = —e^^'PdnB, (10) 
m 

is used. By eliminating (j) and An by using Eqs.(|]) and (p!OD, we obtain the dual Lagrangian 

as 

^/^'^^rnnp^^^^^^^ (11) 



-^Dual — T 



det riran - V det {rimn - n'^BmBn) 
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where the relation det {G mn — f^"^ BmBn) = (det Gmn) — BmB"^) for odd dimension is used. 
In this dual relation between the BICS and dual version, the duality has some significance 
on the interactions. If one want to explain the BICS theory in terms of usual field theory the 
higher derivatives are infinitely generated in the expended form while the maximum order 
of derivative is linear in the dual system. Then the higher order of momentum transfer in 
the vertices is understood as the infinitely many contact interactions in the dual version. So 
the high momentum interaction may be regarded as the low momentum interaction. 

On the other hand, the dual system is gauge-noninvariant and has a symplectic structure 
due to the Chern-Simons term. Similarly to the BICS case, this dual Lagrangian can be 
approximately reduced to 

Cbu.i ~ ^BmB"' - i^e-"Pi?„a„Sp + TK^Oin^) (12) 

for the limit (^. The fact that Eqs.(|])and (|T^ are dual is already shown through the 
self-dual master Lagrangian (^ in Ref. [jlll] . 



In the dual description of the BICS theory of Eq.(|Tl|) all constraints will belong to second 
class, so consistent brackets are nontrivial. To obtain consistent brackets in the dual theory, 
we obtain primary constraints from Eg. ([Tl|) , 



^2 
^3 



(TK, 
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Si ^0, 



(13) 
(14) 

(15) 



and Hamiltonian 



Hp= I (fx\T 



1 - K^BmB"^ - 1 



(16) 



with the Gauss constraint. 



= f2i = 2diIVs - -^^£^=— ^ 0. 



(17) 



VI - n^BmB' 

The Gauss' law constraint is given by the stability condition of the primary constraint Oi 
and the three Lagrange multiplier fields are completely fixed through the time stability of 
constraints. Therefore we can define a Dirac matrix Cab{x,y) = {Qa{x) , ^b{y)} , and obtain 
the inverse Dirac matrix C~j^{x,y) |T^. The Dirac Brackets are defined by 

{A{x),B{y)}j, = {A{x),B{y)} 

-E// d'zdMMx),^aiz)}C;,\z,w){nb{w),Biy)}, (18) 

a,b 

where a,b = 1, ■ ■ ■ , 4. According to this definition, we obtain the nonvanishing brackets, 

'BoB'{l - K^B^B'^f/'^' 



{So(x),So(y)}D = 5, 



'2BqB\1 - K^BmB'^f/'^ 



+ 



{So(x),S^(2/)}d 

{5o(x),n^(y)}D 

{5i(x),52(y)}D 



rK2(l + 
S (x- y). 



2R2^2 



(r/«2)2 1 + /j2B2 

BoB' 



2(1 + Km^' 



5^(x-y) + 



^2(1 -/c25„5m)3/2 

2m(l + k2B2) 



m 



2\2 



5'(x-y), 



(19) 

(20) 

(21) 
(22) 



{5i(x),n^(i/)}D 
{i?2(x),n|(y)}D 
{n^(x),n|(y)}D 



2\2 



Am 



(23) 
(24) 
(25) 



The independent bracket is just only Eq. (|2^) which is compatible with the previous result 
in Ref. [|lT|. The other brackets are in fact derived from this fundamental bracket Eq.(^). 
Note that the brackets for the limit (|^) are well defined in Eq. (|l9D-(^5]). 

After using the four constraints, the reduced Hamiltonian is written in the form of 



H = d^x 



d X- 



/B2 



K 



(1 + K'B')dl + —{TK^Ye^^diBj - kVB2 



(26) 



In the first line of Eq. , we find that the Hamiltonian is positive definite and in the second 
line the Hamiltonian is rewritten in terms of independent degrees of freedom. 

In summary, we have studied the master Lagrangian to relate the BICS theory and dual 
theory which is apparently unrelated. It is a generalization of dual formulation of the MCS 
theory. From the point of D2 brane, the master Lagrangian for the limit — and Qs Q 
reproduces the self dual gauge theory. 

Acknowledgments 

This work was supported in part by Ministry of Education, 1997, Project No. BSRI-97-2414, 
and Korea Science and Engineering Foundation through the Center for Theoretical Physics 
in Seoul National University(1998). 



6 



REFERENCES 



[1] J. Polchinski, TASI lectures on D-hranes, |hep-th/9611050 



[2] P. K. Townsend, Phys. Lett. B350, 184(1995), [Fip-th/950l06g . 



[3] P. K. Townsend, Phys. Lett. B373, 68(1995), [Kep-th/95l2U62 



[4] C. Schmidhuber, Nucl. Phys. B467, 146(1995), |h^p-th/9601003 



[5] A. A. Tseythn, Nucl. Phys. B469, 51 (1996), |hgpTh/9602064 



M. Aganagic, J. Park, C. Popescu, J. H. Schwarz, Nucl Phys. B496, 215(1997)JEe£ 
th/9702133 . 



[7] E. Bergshoeff and M. de Roo, Phys. Lett. B380, 265(1995), |hep-th/9603T23 



M. B. Green, C. M. Hull, and P. K. Townsend, Phys. Lett. B382, 65 (1995),|Ei^ 
th/96041l9|. 



[9] E. Bergshoeff and P. K. Townsend, Nucl. Phys. B490, 145 (1997) , [hip4h/96l 1173 
[10] Y. Lozano, Phys. Lett. B414, 52 (1997), [hep^/9707011 . 



[11] S. Deser and R. Jackiw, Phys. Lett. B139, 371 (1984). 

[12] P.A.M. Dirac, Lectures on Quantum Mechanics (Belfer Graduate School of Science, 
Yeshiva University Press. New York, 1964)- 



7 



